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Abstract 

The concept of S-permutation matrix is considered in this paper. 
When two binary matrices are disjoint is defined. For an arbitrary n 2 x n 2 
S-permutation matrix, the number of all disjoint whit it S-permutation 
matrices is found. A formula for counting the number of all disjoint pairs 
of n 2 x n 2 S-permutation matrices is formulated and proven. 

In particular, a new shorter proof of a known equality is obtained in 
the work. 
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1 Introduction 

Let n be a positive integer. By Z m we denote the set 

Z„ = {l,2,...,n}. 

A binary (or boolean, or (0,1)- matrix) is a matrix whose all elements belong 
to the set 03 = {0, 1}. With 03 „ we will denote the set of all n x n binary 
matrices. 

A square binary matrix is called 'permutation matrix, if there is just one 1 
in every row and every column. Let us denote by V n the group of all n x n 
permutation matrices, and by the symmetric group of order n, i.e. the group 
of all one-to-one mappings of the set Z n in itself. If x S Z n , p G S n , then the 
image of the element x in the mapping p we will denote by p(x). As is well 
known, there is an isomorphism 9 : V n <-> S n such that if A = (ay) G V n and 
9(A) = peS n , then 



1 ^ p(i) = j. (1) 

p G S n is called derangement if p(i) =/= i for all i = 1, 2, . . . , n. The number 
of all derangements in S n is equal to 

d « = " ! EV ( 2 ) 

fc=i 
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(see for example [TJ p. 159]) 

Let n be a positive integer and let A € <B„2 is a n 2 x n 2 binary matrix. With 
the help of n — 1 horizontal lines and n — 1 vertical lines A has been divided into 
n of number non- intersecting n x n square sub-matrices Aki, 1 < k,l < n, e.g. 



A n A u ■■■ A ln 

All A22 ■ ■ ■ A^n 



A n l A n 2 



An 



(3) 



The sub-matrices Am, 1 < k, I < n will be called blocks. 

A matrix A E 23„2 is called S- permutation if in each row, each column, and 
each block of A there is exactly one 1. Let the set of all n 2 x n 2 S-permutation 
matrices be denoted by E„2 . 

Two binary matrices A = (ay) <E Q3 m and B = (bij) G Q3 m will be called 
disjoint, if there are not elements with one and the same indices ay and &y 



such that a* 



1, i.e. if a. 



1 then bj 



and if bi 



1 then a,i 



0, 



1 < i, j < m. 

The concept of S-permutation matrix was introduced by Geir Dahl [5] in 
relation to the popular Sudoku puzzle. 



Obviously a square n 2 x n 2 matrix M with elements of Z„2 = {1,2, 



..,n 2 } 



is Sudoku matrix if and only if there are matrices A\, A2, . . . , A n n € S n 2 > each 
two of them are disjoint and such that P can be given in the following way: 



M = 1 • A x + 2 • A 2 



A r 



(4) 



In [J] Roberto Fontana offers an algorithm which randomly gets a family of 
n 2 x n 2 mutually disjoint S-permutation matrices, where n — 2,3. In n = 3 he 
run the algorithm 1000 times and found 105 different families of nine mutually 
disjoint S-permutation matrices. Then according to (U]) he decided that there 
are at least 9! • 105 = 38 102 400 Sudoku matrices. This number is very small 
compared with the exact number of 9 x 9 Sudoku matrices. In [3] it has been 
shown that there are exactly 



9! ■ 72 2 ■ 2 7 ■ 27 704 267 971 = 6 670 903 752 021 072 936 960 



number of 9 x 9 Sudoku matrices. 

To evaluate the effectiveness of Fontana's algorithm is necessary to calculate 
the probability of two randomly generated matrices to be disjoint. As it is 
proved in [5] the number of S-permutation matrices is equal to 

|£„=| = (n!f\ (5) 

Thus the question of enumerating all disjoint pairs of S-permutation matrices 
naturally arises. This work is devoted to this task. In the present paper, we 
will formulate and prove a formula for counting the number of all disjoint pairs 
of n 2 x n 2 S-permutation matrices. 
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For the classification of all non defined concepts and notations as well as 
for common assertion which have not been proved here, we recommend sources 

ED IB Eg. 



2 Main results 

Theorem 1 Let A £ E„2 . Then the number of all matrices B £ E ra 2 which are 
disjoint with A is equal to 



e„ 2 = (n!) 2 " £ 



\k=l 



(-1) 

fc! 



2-E 



k=l 



(-1) 
fc! 



Proof: Is easy to see that if A, B £ E„2 then there are only n 2 x n 2 permu- 
tation matrices C,D £ V n 2 of the type 



C 








o ■ 


• 







o ■ 


■ 








c 3 • 


■ 



o o o 



D 



D 1 





o ■• 


• 







■• 


■ 








D 3 •• 


■ 



o o o 



where C,-, Di £ V n are permutation n x n matrices, i — 1,2, ... ,n and O is the 
zero n x n matrix and such that 



B = CAD. 



(6) 



In particular, the formula ([5]) immediately follows from ([Bjj. 

From ([5]) it follows that the matrices A and B are disjoint if and only if for 
every i = 1, 2, . . . , n, 0(Ci) or #(£>,:) is a derangement, where : V n 5„ is 
the isomorphism defined by the formula ([1}. Then, taking into account @, we 
obtain: 



(d n ■ nl + n\ • dn 



(-1)* 



fc=0 



k\ 



\k=l 



fe=l 



(-1) 

fc! 



□ 



Theorem 2 T/ie number of all disjoint pairs of n 2 x n 2 S-permutation matrices 
is equal to 



k=l 



fc! 



1 This is a new shorter proof of the proposition 1 of p]. 
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The proof follows directly from Theorem Q] and formula (JSJ) - 

□ 
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